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Background (2)
Coat of a rocket (L.I.R.R., 2005).
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Background (3)
Temperature (K) (L.I.R.R., 2005).
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Part 1: existence / elliptic
Optically thick, Rosseland Eq.
−div[A∇u] = f . (1)
u: temperature. K , B are S P D.
A(u, x) = K (x) + 4 u3 B(x). (2)
Conductive, radiative.
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A(z , x) = K (x) + 4 z3 B(x). (3)
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Physical conditions
0 < Tmin ≤ ub ≤ Tmax , 0 ≤ f ≤ C .
A(z , x) = K (x) + 4 z3 B(x). (4)
If z ∈ [Tmin,Tmax ],
λ(Tmin,Tmax) ≤ A(z , x) ≤ Λ(Tmin,Tmax). (5)
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Ω ⊂ Rn, ub ∈ H1 ∩ [Tmin,Tmax ],
Find u ∈ H1(Ω), (u − ub)|∂Ω = 0, s. t.∫
Ω
A(u(x), x)∇u · ∇ϕ = 0, ∀ ϕ ∈ H10 (Ω). (6)
Linearized. Find w , (w − ub)|∂Ω = 0, s. t.∫
Ω
A(z(x), x)∇w · ∇ϕ = 0, ∀ ϕ ∈ H10 (Ω). (7)
(1) Lz = w ∈ [Tmin, Tmax ]. z ∈ [Tmin, Tmax ].
(2) z = w?
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Linearized map
C = {z ∈ L2(Ω); Tmin ≤ z(x) ≤ Tmax , a. e. in Ω}. (8)
(1) C is closed and convex in L2(Ω).
(2) z ∈ C, λ ≤ A(z) ≤ Λ.∫
Ω
A(z(x), x)∇w · ∇ϕ = 0, ∀ ϕ ∈ H10 (Ω). (9)
Lz = w . Tmin ≤ w ≤ Tmax , LC ⊂ C.
(3) ‖w‖H1 ≤ C , H1 b L2, LC is precompact.
(4) w— A(z) —z. L is continuous.
A fixed point.
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A(z) is continuous.
‖zi − z‖2 → 0, zi , z ∈ C ⊂ L∞ , A(z) = K + z3 B,
‖A(zi )− A(z)‖2 = ‖(zi − z)(z2i + ziz + z2)B‖2
≤ C‖zi − z‖2 → 0. (10)
∫
Ω
|apq(zi (x), x)− apq(z(x), x)|2
≤
∫
Ω
C |zi (x)− z(x)|2α
≤ C (
∫
Ω
|zi (x)− z(x)|
2α
α )α(
∫
Ω
1s
′
)
1
s′
= C (
∫
Ω
|zi (x)− z(x)|
2α
α )
1
2
2α
≤ C‖zi − z‖2α2 → 0. (11)
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‖wi − w‖C0,α(Ω) → 0, ‖wi − w‖W 1,2,ω → 0. (19)
Mixed, parabolic systems, nonlinear.
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∫
Ω
A(z(x), x)∇w · ∇ϕ = 0, ∀ ϕ ∈ H10 (Ω). (20)
(1) z ∈ C, C = {L2; [Tmin,Tmax ]} closed convex.
(2) Maximum principles, LC ⊂ C.
(3) H1 b L2, LC is precompact.
(4) The solution—data map, L is continuous.
A fixed point: Lu = u, u is a solution.
u ∈ C ∩ H1(Ω) ∩ C 0,α(Ω).
A∇u · −→n = α(u − ugas), α ∈ [0,C ]. (21)
ugas ∈ [Tmin,Tmax ], LC ⊂ C.
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Heat source
0 ≤ f ≤ C . ∀C∗ > 0, if z ∈ [Tmin, Tmax + C∗ ],
0 < λ(Tmin,Tmax) ≤ A(z) ≤ Λ(Tmin,Tmax ,C∗ ), (22)
z ∈ C = {L2 ; [Tmin, Tmax + C∗ ] },∫
Ω
A(z)∇w · ∇ϕ =
∫
Ω
f (z)ϕ, ∀ ϕ ∈ H10 (Ω). (23)
Tmin ≤ w ≤ Tmax + C1(Ω, λ(Tmin,Tmax), ‖f ‖∞). (24)
Let C∗ = C1, LC ⊂ C.
λ(Tmin,Tmax ,C∗), 0 ≤ f ≤ C (Tmin,Tmax ,C∗).
C∗ = C1(C∗). Non-existence ?
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Parabolic model
S = (0,T ), QT = Ω× S ,
∂tu − div [A(u, x , t)∇u] = 0, in QT . (25)
(u − g)|t=0 = 0, (u − g)|∂Ω = 0. (26)
g ∈ H1(QT ) ∩ [Tmin, Tmax ]. (27)
λ ≤ A(z , x , t) ≤ Λ, z ∈ [Tmin, Tmax ]. (28)
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Weak solution
∀ϕ ∈ L2(H10 ),
〈∂tu, ϕ〉L2(H10 ) +
∫∫
QT
A(u)∇u · ∇ϕ = 0. (29)
B. C. (u − g) ∈ W = {v ∈ L2(H10 ); ∂tv ∈ L2(H−1)}, (30)
W ↪→ C ([0,T ]; L2(Ω)), I. C. (u − g)(x , 0) = 0. (31)
〈∂tw , ϕ〉L2(H10 ), integration by parts?
〈∂tw , ϕ〉H1(QT )
= [
∫
Ω
wϕ]|T0 −
∫∫
QT
w∂tϕ. (32)
wh(x , t) ≡ 1
h
∫ t+h
t
w(x , s) ds. (33)
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Linearized map
C = {φ ∈ L2(QT ); Tmin ≤ φ(x , t) ≤ Tmax , a. e. in QT}. (34)
is a closed convex set in L2(QT ).
∀ϕ ∈ L2(S ; H10 (Ω)),
〈∂tw , ϕ〉L2(S ;H10 (Ω)) +
∫∫
QT
A(z)∇w · ∇ϕ = 0. (35)
(w − g) ∈ W, (w − g)(x , 0) = 0. (36)
Lz = w . LC ⊂ C?
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Maximum principles (1)
W = {v ∈ L2(H10 ); ∂tv ∈ L2(H−1)} = C∞([0,T ]; H10 (Ω)).
∀ (w − g) ∈ W, ∃ {vi} ⊂ C∞(H10 ), ‖w − g − vi‖W → 0,
〈∂t(vi + g), (vi + g − Tmax)+〉L2(H10 )
=
∫ T
0
〈∂t(vi + g), (vi + g − Tmax)+〉H10
=
∫∫
QT
∂t(vi + g) · (vi + g − Tmax)+ (37)
=
∫∫
QT
∂t
(vi + g − Tmax)2+(x , t)
2
=
∫
Ω
(vi + g − Tmax)2+(x ,T )
2
− 0. (38)
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A fixed point if L is continuous.
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L is continuous.
∀ϕ ∈ L2(H10 ), zi , z ∈ C,
〈∂twi , ϕ〉L2(H10 ) +
∫∫
QT
A(zi )∇wi · ∇ϕ = 0, (43)
〈∂tw , ϕ〉L2(H10 ) +
∫∫
QT
A(z)∇w · ∇ϕ = 0. (44)
{wi} is bounded in W. ∂twi ⇀ ∂tw0, weakly in
L2(H−1).
‖A(zi )− A(z)‖2 → 0, ∇wi ⇀ ∇w0, weakly in L2.
〈∂tw0, ϕ〉L2(H10 ) +
∫∫
QT
A(z)∇w0 · ∇ϕ = 0. (45)
w0 = w . W b L2(QT ), ‖wi − w‖2 → 0.
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Integral
If u|[−h0,0] is known,
∂tw − div[A( 1
h0
∫ t
t−h0
z(x , s) ds)∇w ] = 0. (46)
〈∂tw , ϕ〉L2(H10 ) +
∫∫
QT
A(
1
h0
∫ t
t−h0
z(s)ds)∇w · ∇ϕ = 0. (47)
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Elastic wave ...
umax is independent of λ, Λ.
〈w ′′, ϕ〉L2(H10 ) +
∫∫
QT
Ahkij (z , x , t)
∂wi
∂xk
∂ϕj
∂xh
= 0. (48)
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Part 2: Math algorithms
Qt = Ω× (0, t). If t is small enough,
〈∂tui+1, ϕ〉W 1,1D (Qt) +
∫∫
Qt
A(ui )∇ui+1 · ∇ϕ
+
∫∫
(0,t)×Γ
α(ui+1 − ugas)ϕ =
∫∫
Qt
f (ui )ϕ. (51)
A(ui+1) ≈ A(ui ).
A(ui+1) ≈ A(ui ) + A′(ui )(ui+1 − ui ), Newton method.
∂tu ≈ u(tj+1)−u(tj )h , Rothe method.
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Part 3: SOTS—homogenization
−div[A(uε, x , x
ε
)∇uε] = 0. (52)
uε(x) = u0(x) + εu1(x ,
x
ε
) + ε2u2(x ,
x
ε
) + ... (53)
A(uε) = A(u0, x) + εA1(u0, u1, x ,
x
ε
) + ε2A2 + ... (54)∫
Ω
A0(u0, x)∇u0 · ∇ϕ = 0. (55)
a0ij(u0, x) =
∫
Y
[aij(u0) + ail(u0)
∂
∂yl
Nj(u0, x , y)]dy . (56)∫
Y
A(u0)∇(Nj + yj) · ∇ϕ = 0, ∀ϕ ∈W 1per (Y ). (57)
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Homogenization (1)
If z ∈ [Tmin,Tmax ], λ ≤ A(z) ≤ Λ.
The div-curl Lemma, λ ≤ A0(z) ≤ Λ0.
If A(z) is continuous, A0(z) is also continuous.
∃u0, s. t.
∫
Ω
A0(u0, x)∇u0 · ∇ϕ = 0. (58)
‖uε − u0‖C0(Ω) → 0,
A(uε)∇uε ⇀ A0(u0)∇u0, weakly in L2.
Fusco, Moscariello, Aiν ≡ A(〈w(x)〉iν , 〈x〉iν , y).
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Part 4: Error in C 0,αloc and W
1,∞
loc
Y = (0, 1)n, W 1per (Y ) = {H1(Y ) : Y-periodic,
∫
Y ϕ = 0}.
Find P ∈W 1per (Y ), s.t.∫
Y
A∇P · ∇ϕ =
∫
Y
−→
B · ∇ϕ+
∫
Y
dϕ, ∀ϕ ∈W 1per (Y ). (62)
A is S P D. A,
−→
B , d are Y-periodic.
∫
Y d = 0.
Lax-Milgram Lemma in W 1per (Y ).
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Translation invariance
∫
Y
A∇P · ∇ϕ =
∫
Y
−→
B · ∇ϕ+
∫
Y
dϕ, ∀ϕ ∈W 1per (Y ). (63)
Boundary estimates ? Maximum principles ?
z ∈ Rn, Yz = Y + z ,∫
Yz
A∇Q · ∇ϕ =
∫
Yz
−→
B · ∇ϕ+
∫
Yz
dϕ, ∀ϕ ∈W 1per (Yz). (64)
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Local—Global
If ζ (= A∇P −−→B ) ∈ L2per (Y ;Rn), d ∈ L2per (Y ),∫
Y d = 0,∫
Y
ζ(y) · ∇ϕ+ d(y)ϕ = 0, ∀ϕ(y) ∈W 1per (Y ). (65)
For any bounded Lipschitz domain K ⊂ Rn,∫
K
ζ(x) · ∇φ(x) + d(x)φ(x) = 0, ∀φ(x) ∈ H10 (K ). (66)
If d = 0,
−div xζ(x) = 0, in H−1(K ). (67)
(1986)→(1982), div-curl.∫
Y
A∇P · ∇ϕ =
∫
Y
−→
B · ∇ϕ+
∫
Y
dϕ, ∀ϕ ∈W 1per (Y ). (68)
‖P‖C0,α(Y ). ‖P‖W 1,∞(Y )?
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Li and Vogelius (2000). Divergence form elliptic
equations, piecewise Ho¨lder continuous coefficients.
Global W 1,∞ and piecewise C 1,α estimates.∫
Y
A∇P · ∇ϕ =
∫
Y
−→
B · ∇ϕ+
∫
Y
dϕ, ∀ϕ ∈W 1per (Y ). (69)
‖P‖W 1,∞(Y ) ≤ C . C. D. (1999).
u0(x) + εNk(
x
ε
)
∂u0
∂xi
+ ε2Mkl(
x
ε
)
∂2u0
∂xk∂xl
. (70)
Rosseland Eq.—fixed point
Math algorithms
SOTS—homogenization
Error in C
0,α
loc
and W
1,∞
loc
Correctors estimates
Error estimates
Gradient estimates
Li and Vogelius (2000). Divergence form elliptic
equations, piecewise Ho¨lder continuous coefficients.
Global W 1,∞ and piecewise C 1,α estimates.∫
Y
A∇P · ∇ϕ =
∫
Y
−→
B · ∇ϕ+
∫
Y
dϕ, ∀ϕ ∈W 1per (Y ). (69)
‖P‖W 1,∞(Y ) ≤ C . C. D. (1999).
u0(x) + εNk(
x
ε
)
∂u0
∂xi
+ ε2Mkl(
x
ε
)
∂2u0
∂xk∂xl
. (70)
Rosseland Eq.—fixed point
Math algorithms
SOTS—homogenization
Error in C
0,α
loc
and W
1,∞
loc
Correctors estimates
Error estimates
Gradient estimates
Li and Vogelius (2000). Divergence form elliptic
equations, piecewise Ho¨lder continuous coefficients.
Global W 1,∞ and piecewise C 1,α estimates.∫
Y
A∇P · ∇ϕ =
∫
Y
−→
B · ∇ϕ+
∫
Y
dϕ, ∀ϕ ∈W 1per (Y ). (69)
‖P‖W 1,∞(Y ) ≤ C . C. D. (1999).
u0(x) + εNk(
x
ε
)
∂u0
∂xi
+ ε2Mkl(
x
ε
)
∂2u0
∂xk∂xl
. (70)
Rosseland Eq.—fixed point
Math algorithms
SOTS—homogenization
Error in C
0,α
loc
and W
1,∞
loc
Correctors estimates
Error estimates
Gradient estimates
Li and Vogelius (2000). Divergence form elliptic
equations, piecewise Ho¨lder continuous coefficients.
Global W 1,∞ and piecewise C 1,α estimates.∫
Y
A∇P · ∇ϕ =
∫
Y
−→
B · ∇ϕ+
∫
Y
dϕ, ∀ϕ ∈W 1per (Y ). (69)
‖P‖W 1,∞(Y ) ≤ C . C. D. (1999).
u0(x) + εNk(
x
ε
)
∂u0
∂xi
+ ε2Mkl(
x
ε
)
∂2u0
∂xk∂xl
. (70)
Rosseland Eq.—fixed point
Math algorithms
SOTS—homogenization
Error in C
0,α
loc
and W
1,∞
loc
Correctors estimates
Error estimates
Gradient estimates
Li and Vogelius (2000). Divergence form elliptic
equations, piecewise Ho¨lder continuous coefficients.
Global W 1,∞ and piecewise C 1,α estimates.∫
Y
A∇P · ∇ϕ =
∫
Y
−→
B · ∇ϕ+
∫
Y
dϕ, ∀ϕ ∈W 1per (Y ). (69)
‖P‖W 1,∞(Y ) ≤ C . C. D. (1999).
u0(x) + εNk(
x
ε
)
∂u0
∂xi
+ ε2Mkl(
x
ε
)
∂2u0
∂xk∂xl
. (70)
Rosseland Eq.—fixed point
Math algorithms
SOTS—homogenization
Error in C
0,α
loc
and W
1,∞
loc
Correctors estimates
Error estimates
Gradient estimates
Li and Vogelius (2000). Divergence form elliptic
equations, piecewise Ho¨lder continuous coefficients.
Global W 1,∞ and piecewise C 1,α estimates.∫
Y
A∇P · ∇ϕ =
∫
Y
−→
B · ∇ϕ+
∫
Y
dϕ, ∀ϕ ∈W 1per (Y ). (69)
‖P‖W 1,∞(Y ) ≤ C . C. D. (1999).
u0(x) + εNk(
x
ε
)
∂u0
∂xi
+ ε2Mkl(
x
ε
)
∂2u0
∂xk∂xl
. (70)
Rosseland Eq.—fixed point
Math algorithms
SOTS—homogenization
Error in C
0,α
loc
and W
1,∞
loc
Correctors estimates
Error estimates
Gradient estimates
Li and Vogelius (2000). Divergence form elliptic
equations, piecewise Ho¨lder continuous coefficients.
Global W 1,∞ and piecewise C 1,α estimates.∫
Y
A∇P · ∇ϕ =
∫
Y
−→
B · ∇ϕ+
∫
Y
dϕ, ∀ϕ ∈W 1per (Y ). (69)
‖P‖W 1,∞(Y ) ≤ C . C. D. (1999).
u0(x) + εNk(
x
ε
)
∂u0
∂xi
+ ε2Mkl(
x
ε
)
∂2u0
∂xk∂xl
. (70)
Rosseland Eq.—fixed point
Math algorithms
SOTS—homogenization
Error in C
0,α
loc
and W
1,∞
loc
Correctors estimates
Error estimates
Gradient estimates
Li and Vogelius (2000). Divergence form elliptic
equations, piecewise Ho¨lder continuous coefficients.
Global W 1,∞ and piecewise C 1,α estimates.∫
Y
A∇P · ∇ϕ =
∫
Y
−→
B · ∇ϕ+
∫
Y
dϕ, ∀ϕ ∈W 1per (Y ). (69)
‖P‖W 1,∞(Y ) ≤ C . C. D. (1999).
u0(x) + εNk(
x
ε
)
∂u0
∂xi
+ ε2Mkl(
x
ε
)
∂2u0
∂xk∂xl
. (70)
Rosseland Eq.—fixed point
Math algorithms
SOTS—homogenization
Error in C
0,α
loc
and W
1,∞
loc
Correctors estimates
Error estimates
Error estimates (1)
Zε ≡ uε − u0(x)− εNk(x
ε
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∂u0
∂xi
− ε2Mkl(x
ε
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∂2u0
∂xk∂xl
. (71)
− ∂
∂xi
(
aij(
x
ε
)
∂Zε
∂xj
)
= ε
∂θi
∂xi
+ εη, (72)
If u0 ∈W 3,q, piecewise Ho¨lder continuous, θi , η ∈ Lq.
Maximum principles, De Giorgi-Nash estimates,
sup
Ω
|uε − u0| ≤ Cε, B. L. P. 1978, (73)
‖uε − u0 − εu1‖C0,β(Ω′) ≤ Cε, Ω′ ⊂⊂ Ω; (74)
|
∫
Ω
A(
x
ε
)∇uε · ∇uε −
∫
Ω
A0∇u0 · ∇u0| ≤ Cε; (75)
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Avellaneda-Lin (1987)
−div[A(x
ε
)∇uε] = f , (76)
A(y) is S P D, Y-periodic and C 0,γ(Y ) (or p-w smooth),
f ∈ Lq,
‖∇uε‖∞ ≤ C (‖uε‖∞ + ‖f ‖q). (77)
If u0 ∈W 4,qloc , A(y) ∈ C 0,1(Y ), R.H. of Zε ∈ Lq,
sup
Ω′
|∇(uε − u0 − εu1)| ≤ Cε, Ω′ ⊂⊂ Ω. (78)
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sup
Ω′
|∇(uε − u0 − εu1)| ≤ Cε, Ω′ ⊂⊂ Ω. (78)
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(1) Gradient estimates, Li-Vogelius (p-w),
Avellaneda-Lin ( A(x , xε ) ).
(2) Flux estimates, A∇u, A∇uh,
p-w, ‖Aε∇uε · −→n − A0∇u0 · −→n ‖C0 → 0 ?
(3) Uniqueness.
(4) Nonlinear data–solution, L∞ estimates for hyperbolic eq.
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